ABSTRACT. We set up a spectral sequence converging to Bar-Natan's characteristic two Khovanov homology. The spectral sequence collapses at the E 2 -page which can be described in terms of groups arising from the action of a certain endomorphism on F 2 -Khovanov homology. We introduce stable Bar-Natan theory which we then calculate explicitly. Some consequences are discussed, including some exact sequences in F 2 -Khovanov homology and a formula for the form of the Khovanov polynomial of a F 2 -homologically thin link.
INTRODUCTION AND NOTATION
Let L be an oriented link and D a diagram for L. Let C * , * F2 (D) be Khovanov's complex over F 2 for the diagram D and let KH * , * F2 (L) be the resulting F 2 -Khovanov homology [3] (see also [1] ). The differential in C * , * F2 (D) will be denoted ∂ : C where the summation is over all edges e in the cube of smoothings whose tail is α and S e is the cobordism attached to that edge. The signs drop out because we are working mod 2.
A is the TQFT associated to the Frobenius algebra A = F 2 {1, x} with multiplication m given by m(1, 1) = 1 m(1, x) = x m(x, 1) = x m(x, x) = 0 and comultiplication ∆ given by
The unit and counit are given by i(1) = 1 ǫ(1) = 0 ǫ(x) = 1.
Bar-Natan [2] has defined a Khovanov theory over F 2 [u] where the degree of u is −2. This theory is defined analogously to Khovanov's using the TQFT associated to the Frobenius algebra F 2 [u]{1, x} with multiplicationm given bỹ m(1, 1) = 1m(1, x) = xm(x, 1) = xm(x, x) = ux comultiplication∆∆ (1) = 1 ⊗ x + x ⊗ 1 + u1 ⊗ 1∆(x) = x ⊗ x and unit and counit i(1) = 1 ǫ(1) = 0 ǫ(x) = 1.
We denote the resulting homology of the link L by BN * , * (L).
In this paper we define, in Section 2, an endomorphism β * : KH * , * F2 (L) → KH * , * F2 (L) of bi-degree (1, 2) on F 2 -Khovanov homology. Since β 2 * = 0 this means β * can be viewed as a differential on KH * , * F2 (L) and we can take homology to obtain secondary groups K * , * (L). In Section 3 we set up a spectral sequence converging to Bar-Natan's characteristic two Khovanov homology. This spectral sequence collapses at the E 2 -page which can be described in terms of the groups K * , * (L). In Section 4 we introduce stable Bar-Natan theory whose structure is straightforward and we are able to calculate it explicitly. In Section 5 we discuss various elementary consequences of the spectral sequence and the stable theory. We establish the existence of an exact sequence along each diagonal in F 2 -Khovanov homology and prove a formula for the Khovanov polynomial for F 2 H-thin links. We also include a brief discussion of the appearance of "shifted pawn moves" in Bar-Natan theory. Throughout we draw heavily on the techniques developed by Lee in [4] and we end with an appendix including the details of parts of the proofs which might otherwise have been omitted by referring instead to [4] and then "left to the reader".
AN ENDOMORPHISM ON F 2 -KHOVANOV HOMOLOGY
We will define an endomorphism β * : KH * , * There is no compatible unit or counit so there is no Frobenius algebra structure. None the less given an edge e of the cube of D we can define a map B(S e ) for the cobordism S e associated to e. This is possible since such a cobordism is made up of cylinders and a pair-of-pants surface only. This allows us to define a map β :
(D) in an analogous fashion to the differential. For v belonging to the vector space associated to the complete smoothing α set
where as before the sum is over all edges whose tail is α.
Lemma 2.1. The map β is a map of complexes and β 2 = 0.
Proof. The proof is identical to Lee's proof in [4] for her map Φ. For the first part it suffices to show the following three equations.
These can almost instantly be verified. The second part follows straightforwardly from the fact that m (resp. ∆) is (co)commutative and (co)associative and that ∆ • m = (m ⊗ 1) • (1 ⊗ ∆) all of which are again simply verified.
This means that β induces a map β * in homology, however a priori β * depends on the diagram D. It turns out there is no such dependence and any diagram for L gives the same induced map in homology. Or, more precisely, β * commutes with the isomorphisms in homology induced by Khovanov Again the proof follows the work of Lee [4] almost verbatim. For completeness we give the details in Appendix A.
Thus, given an oriented link L there is a well defined map
The action of β * on the F 2 -Khovanov homology is additional information about the link.
Example 2.3. In this example we compute the action of β * when L is the trefoil below.
The F 2 -Khovanov homology is summarized in Figure 1 . For dimensional reasons there are only two potentially non-zero maps to consider, namely β * : KH
(L) and β * : KH
A generating cycle for KH
(L) is given by x ⊗ x ⊗ x and noting that C
where the primes indicate different copies of V ⊗2 . Furthermore, by looking at the F 2 -Khovanov differential ∂ the element on the right is easily seen to be a generator and so β * : KH
(L) and
which is easily seen to be a generator of KH
(L) is an isomorphism too.
Later (Proposition 5.1) we will give a general result forcing the maps β * above to be isomorphisms, without explicitly doing the computation.
The action of β * may be encoded by regarding it as a differential on F 2 -Khovanov homology and considering the associated homology groups. More precisely for each k define a complex
.
From the above we know that these groups are link invariants and they contain secondary information about the link. One can take the associated Poincaré polynomial to get a secondary link polynomial, namely It follows that the secondary polynomial is given by
A SPECTRAL SEQUENCE
The purpose of this section is to set up the spectral sequence of the following theorem where j ∈ Z is fixed and n ∈ N is sufficiently large (see below). 
converging to Bar-Natan's BN * −n,j (L). Moreover this spectral sequence collapses at the E 2 -page.
Note that convergence to Bar-Natan's BN * −n,j (L) means there are isomorphisms of vector spaces
The spectral sequence will be along the lines of that constructed in Khovanov [3] starting with Khovanov theory over Z converging to Khovanov theory over Z [c] .
Let C * , * be Khovanov's complex over F 2 shifted by −n i.e.
The shift is necessary in order to get a first quadrant spectral sequence with all the desired groups. We will denote the differential by ∂ : C i,j → C i+1,j . Note that for each j we have C * ,j is a complex. Similarly let C * , * be the complex for Bar-Natan's theory shifted by −n. Here we will denote the differential by d : C i,j → C i+1,j . Now we fix j ∈ Z for the rest of the section. With j fixed it suffices to take n such that
Since C * , * is defined over F 2 [u] there is an isomorphism of groups
We now filter C * ,j by setting
Since only finitely many groups in C * , * are non-trivial it follows that this gives a bounded filtration. Moreover it is easy to see that dF k ⊆ F k . Associated to this filtration we get a spectral sequence which converges to H * (C * ,j ) = BN * −n,j (L). There are no problems with convergence since the filtration is bounded. More precisely there is a filtration on H * (C * ,j ) induced by the above filtration by setting
and the spectral sequence has E ∞ -term given by
and so
To prove Theorem 3.1 we need to identify the E 2 -term and show that for r ≥ 2 the differential d r is zero. We require the following Lemma.
Proof. This is immediate after observing thatm = m + um and∆ = ∆ + u∆.
The E 0 page of the spectral sequence is given by
and immediately from the lemma above we see that the differential
which is induced from d agrees with ∂. Thus the E 1 -term is given by
We now claim that the differential
agrees with β * defined in the previous section. The differential d 1 is given by the boundary map in the long exact sequence associated to the following short exact sequence of complexes.
Using the lemma above it is easy to see that the boundary map of the associated long exact sequence is given by x → β * (x) showing that d 1 = β * . This proves the part of Theorem 3.1 identifying the E 2 -page.
To complete the proof we claim that the higher differentials in the spectral sequence are all zero. However, this follows immediately from the definition of a spectral sequence associated to a filtration: Lemma 3.2 tells us that a cycle at E 2 must remain a cycle forever as factoring out by elements of higher filtration will not alter the differential.
This completes the proof of Theorem 3.1.
From this we can read off the Bar-Natan homology of the trefoil using the fact that the spectral sequence collapses at E 2 and that
∞ . Thus for example when j = −5 we have E ∞ -term given in Figure 4 , where there are only terms on the lines k + l = 3 and k + l = 5.
Note that for j < −9 we must increase n but the E ∞ -page will simply be a shifted version of the picture above. Thus we can summarize the Bar-Natan homology of the trefoil in the table in Figure 5 . 
Proof. Let i be given and let j i be one less than the least value of j such that K i,2j+γ (L) = 0. Choose n sufficiently large for j i . Now let j ≤ j i . We have
Since j ≤ j i there is no trouble on the boundary (k = 0) and moreover the sum on the right captures all non-zero groups K i, * (L). Furthermore since n may be taken arbitrarily large and there are only finitely many non-zero
Taking j s = min{j i } finishes the proof.
In the stable range the isomorphism between BN i,j (L) and BN i,j−2 (L) is realized by multiplication by u. Thus by iterating the multiplication by 
The Poincaré polynomial of this is given by P (t, 1) where P (t, q) is the secondary polynomial of section 2. To see this observe that
The stable range is particularly simple and is described by the following theorem.
To prove this we once again apply the techniques of Lee to our situation. Consider the (ungraded) Frobenius algebra W = F 2 {a, b} with multiplication given by
and unit and counit
Let D be a link diagram for an oriented link with k components. For a smoothing α let W α = W ⊗kα where k α is the number of circles in the smoothing. Set B i D = rα=i W α where r α is the number of 1's in the smoothing α. By the usual procedure we turn B * D into a chain complex by applying the TQFT associated to V to the cube of circles and cobordisms associated to D. We will denote the resulting homology by B i (D).
Proposition 4.3. Up to a shift in grading there is an isomorphism of vector spaces
, x} and let C * , * be the chain complex for Bar-Natan theory. Let γ be as above. Regarding C * , * as a vector space over F 2 we define
where the limit means the direct limit over the iterated multiplication by u map. By definition d commutes with multiplication by u and so induces a differential d s on C * s . We then
We will prove the result by showing that (up to grading shift) there is an isomorphism of complexes B * → C * s . Recall that C i, * D = V α where the sum is over smoothings α that have a prescribed number of 1's in the smoothing and V α is a shifted copy of V ⊗kα . Since multiplication by u is an injective on V considered as a vector space over F 2 we see that the multiplication by u map C * , * → C * , * −2 is also injective. Thus since V α is generated over F
and comultiplication given by
It is easy to check that the map given by a → 1 1 + y, b → y respects multiplication and comultiplication. Hence the isomorphism B * → C * s is a map of chain complexes, proving the result. 
In other words K i,j (L) = 0 for all j, from which it follows that 
where Kh ′ (L) is a polynomial in tq 2 .
The above formula appeared in [1] where Kh ′ is the polynomial calculated in that paper for rational Khovanov theory 1 . Here we do not claim that the polynomial Kh ′ (L) of the proposition is the same as Bar-Natan's however this remains likely.
The remainder of this subsection will provide the proof of the proposition above. Using the exact sequence from the last subsection with 2k + γ = s + 1
we see that for i = 0 we have
When i = 0 the stable range tells us that there are a total of two extra generators. Shumakovitch has proven that for
(L) which tells us that when i = 0 each of these two groups has one additional generator.
Thus the contribution to the F 2 -Khovanov polynomial from the line j = s + 1 + 2i is
Applying Shumakovitch's result once again we see that
and in a similar fashion to the above, we can compute the contribution from the line j = s − 1 + 2i to be
Putting together the contributions from these two lines we get
which is what we wanted to prove. 1 It appeared in the context that in an earlier version of his paper he conjectured that for any prime knot there existed an integer s making the above hold true. However, knot 8 19 provided a counter example.
Tetris pieces and shifted pawn moves.
Bar-Natan has observed empirically that in many cases a tetris pieces in F 2 -Khovanov homology is replaced in his theory by a shifted pawn move. Using the spectral sequence above we can see why this phenomenon occurs in certain circumstances. Suppose we have the tetris piece in F 2 -Khovanov homology with gradings as indicated in Figure 6 . Suppose further that β * indicated by arrows are isomorphisms. This may in many cases be deduced from the exact sequences above. Then we claim that this tetris piece contributes a shifted pawn move.
The E 1 -pages for the spectral sequences corresponding to j, j − 2 and j − 4 are given in Figure 7 and using the fact that d 1 = β * which is an isomorphism on the relevant groups we get E 2 -pages as in Figure 8 . From the E 2 page for j we see we have a contribution of F 2 to BN i,j (L). From the E 2 page for j − 2 we get an F 2 in BN i,j−2 (L) = F 2 and no contribution to BN i−1,j−2 (L) and finally from the E 2 page for j − 4 we see there is no contribution at all. This situation summarized in Figure 9 . 
APPENDIX A. PROOFS ALONG THE LINES OF THE WORK OF E.S. LEE
As we have already mentioned the proof of Proposition 2.2 and the remainder of the proof of Theorem 4.2 are very similar to proofs given by Lee in [4] . For convenience we include the details here. This appendix, however, may be seen as an exposition of her work in a slightly modified context. The reader worried about any sign discrepancies with Lee's work should remember we are working over F 2 .
A.1. Proof of Proposition 2.2. We will use the following notation and conventions given a link diagram D. Firstly, throughout this subsection we are going to omit all shifts of the various complexes involved which will unclutter the notation a little. If ǫ is a string of k 0's and 1's then we can consider the subcube (of the cube of smoothings) consisting of all smoothings where the last k entries are given by ǫ. Denote the associated complex by C(D( * ǫ)). Given k then C(D) may be decomposed as (a graded group but not as a complex)
where ǫ runs over all strings of 0's and 1's of length k. With respect to this decomposition the differential ∂ (or the map β) may be decomposed as well. Supposing x ∈ C(D( * ǫ)) then we write
where ǫ ′ has one more 1 than ǫ and ∂ and these will be used throughout. Khovanov's quasi-isomorphism for this move is defined as follows. C(D) decomposes into a direct sum of subcomplexes
where X 2 is contractible. These two subcomplexes are defined by
Note that using the isomorphism (3) any element of C(D( * 0)) (and hence of X 1 ) can be written in the form a ⊗ 1 + b ⊗ x for a, b ∈ C (D( * 1) ). There is a map ρ :
and the composite
is a quasi-isomorphism (an isomorphism on homology). Now let a⊗ 1 + b ⊗ x be a cycle in X 1 . In a moment we will need the following identity:
This can be shown to hold by recalling that β is a map of complexes so ∂β = β∂ and then expanding the right hand side of
Now we compute
Thus we have
and so β and φ commute.
Reidemeister II. We refer to Figure 11 at the end of the paper. There are isomorphisms of complexes
There is a decomposition
where X 2 and X 3 are contractible. The complex X 1 is defined by 
is a quasi-isomorphism.
Let a be a cycle in C(D( * 01)) so ∂ 01 a = 0. Regarding a ∈ C(D) we use the equality ∂β + β∂ = 0 to deduce (6) β 11 ∂ 11 01 a + ∂ 11 01 β 01 a = ∂ 11 β 11 01 a. Also note that for any z ∈ C(D( * 11)) we have There are decompositions
where X 2 , X 3 ,X 2 andX 3 are contractible. The complexes we are required to know in detail areX
is a quasi-isomorphism. 
We begin with Proposition A.1. Given an oriented link diagram there is a canonical smoothing obtained by smoothing all positive crossings to 0-smoothings and all negative crossings to 1-smoothings. Lee provides a way to partition the circles of such a smoothing into two groups (see [4] or [5] ). Now assign a labelling by the elements a and b to the circles by demanding that the same label is given to circles from the same group. This gives two possible labellings. A local patch consisting of two line segments only, has the property that either the orientations are opposite and the labels agree or the orientations are the same and the labels are different (see [5] ). These two labellings give two elements s and s in B * D. Using the fact that B * D is constructed from a Frobenius algebra there is an inner product on B * D which allows us to define an adjoint differential ∂ * . This is defined on W by
Using the duality properties of this adjoint one can write
By the construction of canonical smoothing and its local properties it is clear that around a crossing that has been given a 0-smoothing the two segments of a local patch have different labels. It follows from the definition of ∂ and ∂ * that ∂(s) = ∂(s) = 0 and ∂ * (s) = ∂ * (s) = 0 and so s and s provide generators in B i (D). These are Lee's canonical generators in our situation.
The above procedure depended on the given orientation of the link L. The canonical smoothing from a given orientation and the canonical smoothing obtained by simultaneously reversing the orientation of all components are the same, thus in total we have 2 k−1 ways to carry out the above procedure. Each way produces 2 generators, giving a total of 2 k , thus
On the other hand there is a short exact sequence of complexes
which gives a long exact sequence (15)
Combining g this with (14) we have
Proposition A.1 will now be proved by induction on the number of crossings. The unknot provides the base case. Assume now that the result holds true for diagrams with ≤ n − 1 crossings.
Step I. We claim the result holds true for knot diagrams with n-crossings. Let D be a n-crossing diagram for an oriented knot. Pick a crossing c of this diagram. which is what we wanted to show. Case I.B D( * 1) is a knot. This is similar to the above. A difference arises in that this time we know B i (D( * 1)) = F 2 ⊕ F 2 for some i, and arguing in a similar manner to the above one sees that each of these generators is in the image of ∂ 1 0 and hence, as above, four copies of F 2 are knocked out of the exact sequence.
Step II. We claim the result holds true for n-crossing link diagrams with k components. It is simplest to think of this as another induction, this time on the number of components. We have just shown the result for the case of one component. Assume the result is true for links with ≤ k − 1 components.
Let D be an n-crossing diagram of a link of k components. Now either D is a disjoint union of link diagrams with fewer components or there exists a crossing such that D( * 0) and D( * 1) are both link diagrams with k − 1 components.
Case II.A D is a disjoint union. Write D = D 1 ⊔ D 2 with numbers of components k 1 and k 2 so that k 1 + k 2 = k. By using Khovanov's formula for disjoint union we then have 
